
Ëåêöèÿ 4
ÌÊÝ � ÈÍÆÅÍÅ�ÍÛÉ ÏÎÄÕÎÄÂ ïðåäûäóùåé ëåêöèè ìû èçëîæèëè ìåòîä êîíå÷íûõ ýëåìåíòîâ êàê ìå-òîä �àëåðêèíà â ñïåöèàëüíîì êîíå÷íîìåðíîì ïðîñòðàíñòâå Sh

1 . Íåáåçûí-òåðåñíûì äëÿ ïîíèìàíèÿ ñóòè ìåòîäà è åãî àëãîðèòìè÷åñêèõ âîçìîæ-íîñòåé áóäåò òàêæå çíàêîìñòâî ñ ïîäõîäîì ê íåìó èíæåíåðîâ. Øèðîêîåèñïîëüçîâàíèå â èíæåíåðíîì ïîäõîäå ìàòðè÷íîãî �îðìàëèçìà âåñüìà ïî-ëåçíî ïðè âûïîëíåíèè êîíêðåòíûõ âû÷èñëåíèé.1. Çàäà÷à î ðàñòÿæåíèè ñòåðæíÿÄëÿ èëëþñòðàöèè ýòîãî ïîäõîäà ðàññìîòðèì ïðèìåð çàäà÷è î ðàñòÿæå-íèè îäíîðîäíîãî ñòåðæíÿ ïîñòîÿííîãî ñå÷åíèÿ ïîä äåéñòâèåì ñîáñòâåí-íîãî âåñà. Áóäåì ñ÷èòàòü, ÷òî ñòåðæåíü âåðòèêàëüíî ïîäâåøåí çà îäèíêîíåö, à âòîðîé åãî êîíåö ñâîáîäåí (ñì. ðèñ. 1).
x�èñ. 153



54 Ëåêöèÿ 4Ìàòåìàòè÷åñêè çàäà÷à �îðìóëèðóåòñÿ â âèäå ñìåøàííîé çàäà÷è (1.1),(2.21) ñ
p(x) = E, q(x) = 0, f(x) = G, κ = g = 0, (1)ãäå E � ìîäóëüÞíãà, G � âåñ åäèíèöû îáúåìà, à u � ïåðåìåùåíèå òî÷êèñòåðæíÿ ñ êîîðäèíàòîé x â ðåçóëüòàòå ðàñòÿæåíèÿ. (Ïðåäïîëàãàåòñÿ, ÷òîèñõîäíàÿ äëèíà ñòåðæíÿ ðàâíà åäèíèöå.) Èìåííî
−Eu′′ = G, 0 < x < 1, u(0) = 0, u′(1) = 0. (2)Ýêâèâàëåíòíàÿ çàäà÷à î ìèíèìèçàöèè �óíêöèîíàëà (2.13) ïðåäñòàâëÿåòñîáîé �îðìóëèðîâêó ïðèíöèïà ìèíèìóìà ïîëíîé ïîòåíöèàëüíîé ýíåðãèè

Π(u) :=
1

2

∫ 1

0

σ(x)ε(x)dx−
∫ 1

0

Gudx, (3)ãäå ε(x) = du/dx � îòíîñèòåëüíîå óäëèíåíèå (ïðîäîëüíàÿ äå�îðìà-öèÿ), σ(x) = Eε(x) = Edu/dx � íàòÿæåíèå ( íàïðÿæåíèå, â íîðìàëüíîìê îñè ñòåðæíÿ ñå÷åíèè). Îáîçíà÷èì åùå ÷åðåç
w(x) :=

1

2
σ(x)ε(x) =

1

2
E (du/dx)2 (4)ïëîòíîñòü ýíåðãèè äå�îðìàöèè.Áóäåì ðåøàòü ýòó çàäà÷ó ïðèáëèæåííî. Äëÿ ýòîãî ðàçîáüåì ñòåðæåíüòî÷êàìè xi = ih, h = 1/N, íà N êîíå÷íûõ ýëåìåíòîâ ðàâíîé äëèíû èáóäåì ñ÷èòàòü, ÷òî íà êàæäîì êîíå÷íîì ýëåìåíòå e(i) ïðèáëèæåííîå ðå-øåíèå ïðåäñòàâëÿåòñÿ ëèíåéíîé �óíêöèåé. Òåì ñàìûì, äëÿ îïðåäåëåíèÿïðèáëèæåííîãî ðåøåíèÿ íà ýëåìåíòå äîñòàòî÷íî çàäàòü åãî çíà÷åíèÿ âäâóõ òî÷êàõ. Ïóñòü ýòè òî÷êè � óçëû ýëåìåíòà � ñóòü åãî êîíöû, ò.å.

xi−1 è xi. Îáîçíà÷èì ïðèáëèæåííîå ðåøåíèå ÷åðåç uh(x), à åãî çíà÷åíèÿâ óçëàõ xi � ÷åðåç ui. Î÷åâèäíî, ÷òî íà êîíå÷íîì ýëåìåíòå e(i)

uh(x) = ui−1ϕ
(i)
i−1 + uiϕ

(i)
i , x ∈ e(i), (5)ãäå

ϕ
(i)
i−1 =

(xi − x)

h
, ϕ

(i)
i =

(x − xi−1)

h
(6)� òàê íàçûâàåìûå �óíêöèè �îðìû êîíå÷íîãî ýëåìåíòà (ñì. ðèñ. 2).
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1 1

�èñ. 2
• • • •

xi−1 xi xi−1 xi

e(i) e(i)

ϕ
(i)
i−1 ϕ

(i)
i

Îòìåòèì, ÷òî íà ñâÿçü �óíêöèè �îðìû ϕ
(i)
j ñ ýëåìåíòîì e(i) óêàçûâà-åò åå íàäñòðî÷íûé èíäåêñ, ïîìåùåííûé â êðóãëûå ñêîáêè. Òî÷íî òàê æåìàðêèðóåòñÿ è ñàì ýëåìåíò e(i) . Äîãîâîðèìñÿ è âïðåäü ñâÿçü êàêèõ-ëèáîîáúåêòîâ ñ ýëåìåíòîì e(i) îáîçíà÷àòü íàäñòðî÷íûì èíäåêñîì i, ïîìåùåí-íûì â êðóãëûå ñêîáêè.Ïóñòü

u(i) = [ui−1 ui]
T (7)� âåêòîð çíà÷åíèé ïðèáëèæåííîãî ðåøåíèÿ â óçëàõ ýëåìåíòà e(i) (âåêòîðóçëîâûõ çíà÷åíèé ýëåìåíòà e(i)), à

Φ(i) =
[
ϕ

(i)
i−1 ϕ

(i)
i

] (8)� ìàòðèöà �óíêöèé �îðìû ýòîãî ýëåìåíòà. Èñïîëüçóÿ ïðàâèëî óìíî-æåíèÿ ìàòðèöû íà âåêòîð, ñîîòíîøåíèå (5) ïåðåïèøåì â âèäå
uh(x) = Φ(i)u(i), x ∈ e(i). (9)Ïîäñòàâèì ïðèáëèæåííîå ðåøåíèå uh(x) â �óíêöèîíàë Π ïîëíîé ïî-òåíöèàëüíîé ýíåðãèè (3). Äëÿ ýòîãî ïðåäñòàâèì ñíà÷àëà ïîñëåäíèé â âèäåñóììû �óíêöèîíàëîâ, êàæäûé èç êîòîðûõ îïðåäåëåí íà ñâîåì ýëåìåíòå

Π(uh) =
N∑

i=1

Π(i)(uh), (10)ãäå ñ ó÷åòîì (4)
Π(i)(uh) =

∫

e(i)

w(i)dx −
∫

e(i)

Guhdx.



56 Ëåêöèÿ 4Â ñèëó (9), (8), (6) îòíîñèòåëüíîå óäëèíåíèå ε(i)(x) = duh(x)/dx ïðåä-ñòàâëÿåòñÿ â âèäå ε(i)(x) = (dΦ(i)/dx)u(i) , ãäå
d

dx
Φ(i) =

1

h
[−1 1], (11)à íàòÿæåíèå σ(i) = Eε(i) = E(dΦ(i)/dx)u(i) è, ñëåäîâàòåëüíî, ïëîòíîñòüýíåðãèè äå�îðìàöèè íà ýëåìåíòå e(i) åñòü

w(i) =
1

2
σ(i)ε(i) =

=
1

2
(σ(i))

T
ε(i) =

1

2

(
E

dΦ(i)

dx
u(i)

)T (
dΦ(i)

dx
u(i)

)
=

=
1

2
u(i)T

[
dΦ(i)

dx

]T

E

[
dΦ(i)

dx

]
u(i).Îòñþäà

Π
(i)
E (uh) :=

∫

e(i)

w(i)dx =
1

2
u(i)TK(i)u(i),ãäå

K(i) =

∫

e(i)

[
dΦ(i)

dx

]T

E

[
dΦ(i)

dx

]
dx =

=

∫

e(i)

1

h

[
−1

1

]
E

1

h
[−1 1]dx =

E

h

[
1 −1

−1 1

] (12)
� ìàòðèöà æåñòêîñòè ýëåìåíòà.Äàëåå, òàê êàê Φ(i)u(i) = u(i)TΦ(i)T , òî

Π
(i)
G (uh) :=

∫

e(i)

Guhdx = u(i)TF (i),ãäå
F (i) =

∫

e(i)

GΦ(i)Tdx =
G

h

∫

e(i)

[
xi − x

x − xi−1

]
dx = Gh

[
1/2

1/2

] (13)� âåêòîð íàãðóçêè (óçëîâûõ ñèë) ýëåìåíòà.



2. Ñáîðêà 57Èòàê, âêëàä â ïîëíóþ ïîòåíöèàëüíóþ ýíåðãèþ ñòåðæíÿ ñî ñòîðîíûýëåìåíòà e(i)

Π(i)(uh) := Π
(i)
E (uh) − Π

(i)
G (uh) =

1

2
u(i)TK(i)u(i) − u(i)TF (i) (14)íà ïðèáëèæåííîì ðåøåíèè ïðåäñòàâëÿåò ñîáîé êâàäðàòè÷íóþ �îðìó åãîóçëîâûõ çíà÷åíèé. 2. ÑáîðêàÏîäñòàâèì (14) â (10). Äëÿ ýòîãî óñòàíîâèì ñíà÷àëà ñâÿçü ìåæäó âåê-òîðîì óçëîâûõ çíà÷åíèé u(i) ýëåìåíòà è ïîëíûì (ãëîáàëüíûì) âåêòîðîìóçëîâûõ çíà÷åíèé

U (f) = [u0, u1, ..., uN ]T . (15)(Ñìûñë ïîäñòðî÷íîãî èíäåêñà (f) áóäåò îáúÿñíåí ÷óòü ïîçæå.) Ëåãêî ïðî-âåðèòü, ÷òî
u(i) = S(i)U (f), (16)ãäå S(i) � ïðÿìîóãîëüíàÿ 2 × (N + 1) ìàòðèöà âèäà

S(i) =

[
0 . . . 0 1 0 0 . . . 0
0 . . . 0︸ ︷︷ ︸ 0 1 0 . . . 0︸ ︷︷ ︸

]
,

i − 1 N − i

(17)èíîãäà íàçûâàåìàÿ ìàòðèöåé êèíåìàòè÷åñêèõ ñâÿçåé. Ñ ó÷åòîì (16)ñîîòíîøåíèå (14) ïðèíèìàåò âèä
Π(i)(uh) =

1

2
UT

(f)S
(i)TK(i)S(i)U (f) − UT

(f)S
(i)TF (i).Ïîäñòàâëÿÿ ýòî ïðåäñòàâëåíèå â (10), íàéäåì, ÷òî

Π(uh) =
1

2
UT

(f)K(f)U (f) − UT
(f)F(f), (18)ãäå

K(f) =

N∑

i=1

S(i)TK(i)S(i) (19)



58 Ëåêöèÿ 4� ãëîáàëüíàÿ ìàòðèöà æåñòêîñòè , à
F (f) =

N∑

i=1

S(i)TF (i) (20)� ãëîáàëüíûé âåêòîð íàãðóçêè.Èç (18) ñëåäóåò, ÷òî çíà÷åíèå ïîòåíöèàëüíîé ýíåðãèè íà ïðèáëèæåííîìðåøåíèè åñòü êâàäðàòè÷íàÿ �óíêöèÿ (N + 1) ïåðåìåííûõ u0, u1, ..., uN ,óñëîâèåì ìèíèìóìà êîòîðîé ÿâëÿåòñÿ îáðàùåíèå â íóëü åå ïåðâûõ ïðî-èçâîäíûõ. Âûïîëíÿÿ òðåáóåìûå äè��åðåíöèðîâàíèÿ è ïðèðàâíèâàÿ ïî-ëó÷åííûå âûðàæåíèÿ íóëþ ñ ó÷åòîì ëåãêî ïðîâåðÿåìîé ñèììåòðèè K(f)ïîëó÷èì ñèñòåìó óðàâíåíèé
K(f)U (f) = F (f). (21)Ïîñïåøèì îãîâîðèòüñÿ, ÷òî ýòî åùå íå òà ñèñòåìà, ðåøåíèå êîòîðîé äà-åò ïðèáëèæåííîå ðåøåíèå íàøåé çàäà÷è.∗) Äåëî â òîì, ÷òî â ïðîâåäåí-íûõ íàìè ðàññóæäåíèÿõ íèãäå íå äåëàëîñü ðàçëè÷èé ìåæäó êîíå÷íûìèýëåìåíòàìè (÷òî î÷åíü âàæíî ñ àëãîðèòìè÷åñêîé òî÷êè çðåíèÿ) è ïîýòî-ìó ìû, âîîáùå ãîâîðÿ, íå ìîãëè ó÷åñòü óñëîâèÿ çàêðåïëåíèÿ íà êîíöàõñòåðæíÿ. Ñäåëàåì ýòî ñåé÷àñ.Ñîãëàñíî óñëîâèÿì çàäà÷è (2), èñêîìîå ðåøåíèå äîëæíî ïðèíèìàòüíóëåâîå çíà÷åíèå ïðè x = x0 = 0. Ïî ââåäåííîé íàìè âî âòîðîé ëåê-öèè òåðìèíîëîãèè ýòî ãëàâíîå ãðàíè÷íîå óñëîâèå, è îíî äîëæíî áûëîáûòü ó÷òåíî äî òîãî, êàê ìû ïðèñòóïèëè ê ìèíèìèçàöèè �óíêöèîíàëà.Ïîñêîëüêó ìû ýòîãî íå ñäåëàëè, òî íåèçâåñòíàÿ u0 �èãóðèðîâàëà êàêñâîáîäíàÿ è ïðè ïîëó÷åíèè ñèñòåìû (21) ïî íåé ïðîâîäèëîñü äè��åðåí-öèðîâàíèå �óíêöèè (18) ñ ïðèðàâíèâàíèåì ïðîèçâîäíîé íóëþ. Èç ñêàçàí-íîãî ñëåäóåò, ÷òî ïîëó÷åííîå òàêèì ñïîñîáîì óðàâíåíèå íå ñîîòâåòñòâóåòäåéñòâèòåëüíîñòè è äîëæíî áûòü îòáðîøåíî. Âìåñòî íåãî äîëæíî áûòü

∗)Èìåííî îá ýòîì äîëæåí íàïîìèíàòü ââåäåííûé ðàíåå, íî íå îáúÿñíåííûé, ïîäñòðî÷íûé èíäåêñ
(f)� "�ëàæîê". Âñÿêèé, êîìó äîâîäèëîñü íàõîäèòüñÿ íà ëåòíîì ïîëå àýðîäðîìà â îæèäàíèè ïîñàäêèíà ñàìîëåò, ìîã âèäåòü ñòîÿùèå ðÿäîì íà ïðåäïîëåòíîì îáñëóæèâàíèè ñàìîëåòû ñ ðàçâåâàþùèìèñÿíà íèõ êðàñíûìè ëåíòî÷êàìè. Ýòè ëåíòî÷êè âûâåøèâàþòñÿ ó âñåâîçìîæíûõ ëþêîâ, îòêðûòûõ äëÿïðîâåäåíèÿ ðàáîò, â ìåñòàõ ïðèñîåäèíåíèÿ øëàíãîâ è ïðîâîäîâ. Èõ íàçíà÷åíèå � ñèãíàëèçèðîâàòüî íåãîòîâíîñòè ñàìîëåòà ê âçëåòó. Ââåäåííûé íàìè "�ëàæîê"(f) òàêæå äîëæåí ñèãíàëèçèðîâàòüî íåãîòîâíîñòè ñèñòåìû ê ðåøåíèþ.



3. Ïðèìåð ðåàëèçàöèè 59ïîñòàâëåíî óñëîâèå u0 = 0. Â ñèëó òðèâèàëüíîñòè ýòîãî óðàâíåíèÿ íåèç-âåñòíàÿ u0 âîîáùå ìîæåò áûòü èñêëþ÷åíà èç ïðåîáðàçîâàííîé óêàçàííûìñïîñîáîì ñèñòåìû (21), ïîñëå ÷åãî åå ïîðÿäîê ñòàíåò ðàâíûì N . Îáðàùà-ÿñü êî âòîðîìó ãðàíè÷íîìó óñëîâèþ çàäà÷è (2), êîíñòàòèðóåì, ÷òî îíîÿâëÿåòñÿ åñòåñòâåííûì è íå âíîñèò íèêàêèõ âîçìóùåíèé â èíòåãðàë ýíåð-ãèè (3). Ñëåäîâàòåëüíî, íèêàêèõ èçìåíåíèé, ñâÿçàííûõ ñ ýòèì ãðàíè÷íûìóñëîâèåì, âíîñèòü íå íóæíî íè â ìàòðèöó K(f), íè â âåêòîð F (f) .Èòàê, ïóñòü kij, i, j = 0, 1, ..., N � ýëåìåíòû ìàòðèöû K(f),
F (f) = [f0...fN ]T = [f0F

T ]T ,a
k0 = [k01k02...k0N ]T .Òîãäà ñèñòåìó (21) ìîæíî ïåðåïèñàòü â âèäå
[
k00 kT

0

k0 K

] [
u0

U

]
=

[
f0

F

]
, (22)ãäå K � ìàòðèöà ñ ýëåìåíòàìè kij, i, j = 1, 2, ..., N, a U = [u1...uN ]T .Èç (22) íàõîäèì, ÷òî

k00u0 + kT
0 U = f0,

k0u0 + KU = F .Ïåðâîå èç ýòèõ óðàâíåíèé äîëæíî áûòü îòáðîøåíî, à îñòàëüíûå ìîãóòáûòü ïåðåïèñàíû â âèäå KU = F − k0u0. Íî u0 = 0 è ñèñòåìà óðàâíåíèéäëÿ îòûñêàíèÿ ïðèáëèæåííîãî ðåøåíèÿ îêîí÷àòåëüíî ïðèíèìàåò âèä
KU = F . (23)3. Ïðèìåð ðåàëèçàöèèÏîêàæåì, ÷òî ñèñòåìà (23) ñ ó÷åòîì (1) ñîâïàäàåò ñ ñèñòåìîé (3.19).Äëÿ ýòîãî ïðîâåäåì âû÷èñëåíèÿ, ïðåäóñìîòðåííûå �îðìóëàìè (19), (20).Ïîëîæèì äëÿ ïðîñòîòû N=3. Â ýòîì ñëó÷àå

U (f) = [u0u1u2u3]
T ,

u(1) = [u0u1]
T , u(2) = [u1u2]

T , u(3) = [u2u3]
T ,
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S(1) =

[
1 0 0 0

0 1 0 0

]
, S(2) =

[
0 1 0 0

0 0 1 0

]
, S(3) =

[
0 0 1 0

0 0 0 1

]
.Ïðîèçâåäÿ âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ïðàâèëà ïåðåìíîæåíèÿ ìàòðèö,íàéäåì, ÷òîäëÿ ýëåìåíòà e(1):

E

h

K(1)[
1 −1

−1 1

] S(1)[
1 0 0 0

0 1 0 0

]
=

E

h

K(1)S(1)[
1 −1 0 0

−1 1 0 0

]
,

S(1)T


1 0

0 1
0 0

0 0




E

h

K(1)S(1)

[
1 −1 0 0

−1 1 0 0

]
=

E

h

S(1)T K(1)S(1)


1 −1 0 0

−1 1 0 0
0 0 0 0

0 0 0 0


,äëÿ ýëåìåíòà e(2):

E

h

K(2)[
1 −1

−1 1

] S(2)[
0 1 0 0
0 0 1 0

]
=

E

h

K(2)S(2)[
0 1 −1 0
0 −1 1 0

]
,

S(2)T


0 0

1 0
0 1

0 0




E

h

K(2)S(2)

[
0 1 −1 0
0 −1 1 0

]
=

E

h

S(2)T K(2)S(2)


0 0 0 0

0 1 −1 0
0 −1 1 0

0 0 0 0


,äëÿ ýëåìåíòà e(3):

E

h

K(3)[
1 −1

−1 1

] S(3)[
0 0 1 0
0 0 0 1

]
=

E

h

K(3)S(3)[
0 0 1 −1
0 0 −1 1

]
,

S(3)T


0 0
0 0

1 0
0 1




E

h

K(3)S(3)

[
0 0 1 −1

0 0 −1 1

]
=

E

h

S(3)T K(3)S(3)


0 0 0 0
0 0 0 0

0 0 1 −1
0 0 −1 1


.



4. Óïðàæíåíèÿ 61Äàëåå
K(f) =

3∑

i=1

S(i)TK(i)S(i) =
E

h




1 −1 0 0
−1 1 + 1 −1 0
0 −1 1 + 1 −1

0 0 −1 1


 ,

S(1)T


1 0

0 1
0 0

0 0


Gh

F
(1)

[
1/2
1/2

]
+

S(2)T


0 0

1 0
0 1

0 0


Gh

F
(2)

[
1/2
1/2

]
+

S(3)T


0 0

0 0
1 0

0 1


Gh

F
(3)

[
1/2
1/2

]
= Gh

F (f)


1/2

1
1

1/2


.Ó÷åò ãëàâíîãî ãðàíè÷íîãî óñëîâèÿ ïðè x = 0 è ïîñëåäóþùåå èñêëþ÷å-íèå u0 ïðèâîäèò ê ñèñòåìå

E

h




2 −1 0

−1 2 −1
0 −1 1






u1

u2

u3


 = Gh




1

1
1/2


 , (24)êîòîðàÿ ñîâïàäàåò ñ ïîñòðîåííîé íà ïðåäûäóùåé ëåêöèè ñèñòåìîé (3.19),åñëè â ïîñëåäíåé ïîëîæèòü N=3 è ïðèíÿòü (1).4. Óïðàæíåíèÿ1. Âûïèñàòü ñèñòåìó (23) â âèäå, àíàëîãè÷íîì (24), äëÿ ñëó÷àÿ íåðàâ-íîìåðíîé ñåòêè, ò.å. äëÿ òîãî ñëó÷àÿ, êîãäà êàæäûé ýëåìåíò e(i) èìååòñâîþ äëèíó, ðàâíóþ h(i) .2. ÏóñòüΠ

(i)
q (uh) =

∫
e(i) q(u

h)2dx = u(i)TM (i)u(i).Äîêàçàòü, ÷òî ìàòðèöà
M (i), íàçûâàåìàÿ ìàòðèöåé ìàññû, èìååò âèä

M (i) = hq

[
1/3 1/6
1/6 1/3

]
.3. �åøåíèþ êàêîé çàäà÷è îòâå÷àåò ñèñòåìà (21)?4. Â çàäà÷å (2.21), (1) îòêàæåìñÿ îò ïðåäïîëîæåíèÿ, ÷òî g = 0. Ïóñòü

g 6= 0. Êàê ïðè ýòîì èçìåíèòñÿ ïðîöåäóðà "ñíÿòèÿ �ëàæêîâ" â ï. 2? Êàêèçìåíèòñÿ ñèñòåìà (24)?



62 Ëåêöèÿ 45. Ïóñòü èçó÷àåìûé ñòåðæåíü íå ÿâëÿåòñÿ îäíîðîäíûì. Èìåííî, ïóñòü
E =

{
E1, 0 < x < 3/2,

E2, 3/2 < x < 1.êàê áóäåò âûãëÿäåòü ñèñòåìà óðàâíåíèé, àíàëîãè÷íàÿ ñèñòåìå (24)?
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